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Abstract-    In this paper, we study for some of the fixed point of mapping for a self map on a metric space under a contractive of integral type. 
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 ——————————      —————————— 
 
INTRODUCTION 

 
 The result of this note are inspired by a recent paper of 
M.S. Khan [4] in 1984 introduced the altering distances and 
used it for solving fixed points problem in metric spaces. 
Recently several authors [1, 2, 3, 5, 6,] have used the 
alternative distance function and obtained some fixed point 
theorem. 
         The main aim of this paper is to prove the existence 
and uniqueness of common fixed point of mapping T, T for 
a self map on a metric space by using distance function 
under a contractive condition of integral type. 
 
THEOREM 1.  
Let (x,d) be a complete matric space α Є [0,1] xxf →:  a 
mapping such that for x,y ЄX.                   
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   where ),0[),0[: +∞→+∞ψ  is a lebesgue integral 
mapping which is sum able non negative and such that 
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ψ dtt  for each 0>ε , then f has a unique fixed 

point ZЄ X, such that for each x ЄX, Zxf n

n
=
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THEOREM 2.  
Let (x,d) be complete metric space and let xxT →:  be 
self- mapping satisfying the inequality 

)},(),({)},({ 21 ydxyxdTyTxd ψψϕ −≤ ,                                         

where ),0[),0[:,, 21 ∞→∞ϕψψ  are continues and 
monotone non decreasing functions with  

0)()()( 21 === ttt ϕψψ , if and only if t =0. Then T has a 
unique fixed point.  
 
DEFINITION:-  
Let nψ denote the set of all variables, 
i. ψ  is continues. 
ii. ψ  is monotone increasing in all the variable. 

iii. 0).......,,,( 321 =nttttψ  if and only if  

0.......321 ===== ntttt . 

We define   ,.....),,()( xxxx ψϕ = for ),0[ ∞∈x . 
Clear 0)( =xϕ  
Example of ψ  are  

}......max{),........,,,( 321321 nn ttttktttt ====ψ  for 
k>0 ……….. (1) 

na
n

aa
n ttttttt +++= ..........),........,,,( 21

21321ψ , 

          where 1,.......,, 321 ≥aaa                                             (2) 
 
Vahid Reza Hosseini [6] has proved the following theorem, 
 
THEOREM 3.:-  
 
Let (x,d) be a complete metric space and S,T:X→X   such 

that ∫ ∫≤
)},({

0

)},(),,(),,({
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                                    - ∫
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   for all x,y ∈X where 321, ψψψ ∈  

, ...),,(1 xxxψϕ = and ),0[ ∞∈x , 
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where ++ → RR:ψ  is a lebesgue integral mapping which 

is sum able non negative and such that 0)(
0

>∫
ε

ψ dtt  for 

each 0>ε , then S,T have a  unique common fixed point 
inX. 
Now we prove the following theorem:- 
 
MAIN RESULT 
 
Let(x,d) be a complete metric space and S,T,P:X→ X 
satisfying the following condition 
(i) 

∫∫ ≤
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∫−
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For all x,y ε X where 321, ψψψ ∈  and 

).,0[...),,,( ∞∈= xxxxψϕ  
(ii) One of three mapping S, T and P is continuous. 
(iii) Where ++ → RR:ψ  is a lebesgue integral mapping 
which is sum able non negative and such that 

0)(
0

>∫
ε

ψ dtt  for each 0>ε . Further assume that SP=PS 

or TP=PT, then S,T and P have common unique fixed point 
in X. 
 
Proof:- Let Xx ∈0  be an arbitrary point. We define a 

sequence }{ nx  as 

              ,......3,2,1,0,212 ==+ nSPxx nn   and 

               ,......3,2,1,0,1222 == ++ nTPxx nn  

Let ),( 1+= nnn xxda  …………………… (4) 

Putting nn xx 2=  and 12 += nxy  for all n = 1,2,3,…………… 
We get from (3) 
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∫
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∫
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From (4)  
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If nn aa 212 >+ ,then 

∫∫∫
++++++ <≤ 121121212121121

0

),,,(

00
)()()( nnnnnn aaaaaa
dttdttdtt

ϕψϕ
ψψψ

                                                                                                    (6)               
              
 Which is contracdition. Hence ,....3,2,1,0,212 =≤+ naa nn  

Similarly by putting nxx 2= ,and 12 −= nxy  in (3) 

We can show that 1222 ++ ≤ nn aa  , n=0,1,2,3,……. 

Thus nn aa ≤+1 ,n=0,1,2,3……. 

So that }{ na  is a decreasing sequence of non negative real 

number and hence convergent to some Ra∈ .                                                    
…………………….(7) 
From (5) and (6) for all n=1,2,3,………. obtain  
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Summing up we obtain 

∑∫ ∫
∞
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+ ∞≤≤
0

0 0
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Which implies 0)(2 →aϕ which imply that ∞→n  

Again from (7) }{ na  is convergent and aan →  as 
∞→n  since ϕ  is continuous, we obtain 

0)( =aϕ ,Which implies that a=0, that is  

0),( 1 →= + nn xxda as ∞→n         
…………………………… (8) 
We next prove that }{ nx  is a Cauchy sequence , in view of 

(7) it is sufficient to prove that }{}{ 12 nrr xx ⊂∞
=  is Cauchy 
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sequence. If ∞
=12 }{ rrx  is not Cauchy sequence of natural 

number {2mk},{2nk} such that nk > mk,  ε≥),( 22 nkmk xxd  

ε<− ),( 122 nkmk xxd                                                         (9) 
Then by (8)  

),(),(),( 12212222 −− +≤< nkmknkmknkmk xxdxxdxxdε  

                             < ),( 122 −+ nknk xxdε  

Making ∞→k  in the above inequality by virtue of (7) 
We obtain 
               ε=

∞→
),(lim 22 nkmkn

xxd                                     (10) 

For all k=1,2,3…….. 
),(),(),( 22212212 mknknknkmknk xxdxxdxxd +≤ ++     (11) 

Also for all k=1,2,3,…….. 
),(),(),( 21212222 mknknknkmknk xxdxxdxxd ++ +≤   (12) 

Making ∞→k  in (9)and (10) repectively, by using (7) and 
(8), we have 

ε≤+∞→
),(lim 212 mnkk

xxd  and ),(lim 212 mnkk
xxd +∞→

≤ε  

ε=+∞→
),(lim )(21)(2 kmknk

xxd  for all k= 1,2,3,……     

………..(13) 
),(),(),( 1)(2)(2)(2)(21)(2)(2 −− +≤ kmkmkmknkmkn xxdxxdxxd

 
),(),(),( )(21)(21)(2)(2)(2)(2 kmkmkmknkmkn xxdxxdxxd −− +≤

 
Taking ∞→k  in the above two inequalities and using (7) 
and (8) we obtain 
            ε=−∞→

),(lim 122 mnkk
xxd  

Putting nkxx 2=  and 12 −= mkxy  in (3), for all k=1,2,3,…… 
We obtain 

∫
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Making ∞→k  in the above inequality and taking into 
account the continuity of and by (7),(8),(9) . WE have, 
 

∫∫∫ −≤
)0,0,0,(

0

)0,0,0,(

0

)(

0

211 )()()(
εψεψεϕ

ψψψ dttdttdtt ,the

n 
)()0,0,0,()0,0,0,()( 1211 εϕεψεψεϕ <−≤  

This is due the fact that 1ψ  is monotone increasing in its 
variables and by property that 0),,( =zyxψ  if and 
only if x=y=z=0 
The above inequality give a contradiction so that 0=ε . 
This establishes sequence and hence convergence in (X, 
d). 
Let zxn → as ∞→n  

Putting nxx 2=  and x=y in(3) for all n=1,2,3,……… 

∫ ∫
+ ++≤

),(

0

),(),,(),,(),,(

0

121 1212221 )()(
TPzxd TPzxdTPzzdxxdzxdn nnnn dttdtt

ϕ ψ
ψψ

 
 

∫
++−

),(),,(),,(),,(

0

1212222 )(
TPzxdTPzzdxxdzxd nnnn dtt

ψ
ψ  

Making ∞→n  in the above inequality, by using (8) and 
(12) and  continuity of 1ψ and 2ψ , we obtain 

 
 

∫ ∫≤
),(

0

),(,0,0,0(

0

1 1 )()(
TPzzd TPzzd

dttdtt
ϕ ψ

ψψ  

                                   - ∫
),(,0,0,0(

0

2 )(
TPzzd

dtt
ψ

ψ  

If 0),( ≠TPzzd , then using property that  1ψ and 

2ψ are monotone increasing and 0),,(2 =zyxψ if and 

only if x=y=z=0,we obtain 
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Which is contradictions. Hence ,we obtain  
d(z,TPz)=0,or z = TPz in an exactly similarly way to prove 
z = SPz 
Thus SPz = z= TPz                                                           (14) 
 
Also fallows that z is the common fixed point of SP and 
TP. 
Suppose S is continuous, then 

SzPxS n =2
2 , SzSx n =2 .If SP = PS. 

Then putting 122 , +== nn xySxx  in (3), 
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It is a contradiction, if zSz ≠ ,hence Sz = z. 
Hence by (14) Tz = z = Sz. 
Similarly if TP = PT, then also Pz = z = Sz = Tz. 
Hence this z is a common fixed point of S,T,P. 
Thus the theorem is proved 
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