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A Common Fixed Point Theorem under A
Contractive Condition of Integral Type
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Abstract- In this paper, we study for some of the fixed point of mapping for a self map on a metric space under a contractive of integral type.

Index Terms- Fixed point, contractive condition, self mapping, lebesgue integral.

INTRODUCTION

The result of this note are inspired by a recent paper of
M.S. Khan [4] in 1984 introduced the altering distances and
used it for solving fixed points problem in metric spaces.
Recently several authors [1, 2, 3, 5, 6,] have used the
alternative distance function and obtained some fixed point
theorem.

The main aim of this paper is to prove the existence
and uniqueness of common fixed point of mapping T, T for
a self map on a metric space by using distance function
under a contractive condition of integral type.

THEOREM 1.
Let (x,d) be a complete matric space a € [0,1] T :X —> X a

mapping such that for x,y €X.
d(fx, fy) d(xy)

yt)dt<a j w(t)dt

0
where y :[0,400) — [0,+00) is a lebesgue integral
mapping which is sum able non negative and such that

Il//(t)dt >0 for each & > 0, then f has a unique fixed
0

point Z€ X, such that for each x €X, lim f"(x)=Z.
nN—oo

THEOREM 2.

Let (x,d) be complete metric space and let T : X — X be
self- mapping satisfying the inequality

{d (X, TY)} <pd{d (X, y) =y, (dx, )},

where y/,,1/,,® :[0,00) > [0,0) are continues and

monotone non decreasing functions with

w,(t) =y, (t) =@(t) =0, if and only if t =0. Then T has a
unique fixed point.

DEFINITION:-
Let i/, denote the set of all variables,
i. i/ is continues.

ii. I is monotone increasing in all the variable.

iii. w(t,t,, by, ,t.) =0 if and only if
L=t=t=.... =t =

We define  @(X) =w (X, X, X,.....) for X €[0,00) .
Clearp(X) =0

Example of i/ are

Wttty t ) =k maxft, =t, =t, =.....t } for

Wttt )=t 7 +t
where @;,8,,8;,....... >1 2)

Vahid Reza Hosseini [6] has proved the following theorem,
THEOREM 3.:-

Let (x,d) be a complete metric space and S,T:X—X such
wi{d (x,y),d (sx,x),d (Ty,y)}

that [y (t)dt < | w(t)dt

o 0
wo{d (x,y),d (sx,x),d (Ty,y)}
_I ? w(t) dt

0
for all x,y € X where y/,,\/, €/,

0, =W (X, X,X...)and X €[0,0),
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where i : R" — R” is a lebesgue integral mapping which

&
is sum able non negative and such that Iy/(t)d'[ >0 for
0
each € >0, then S, T have a unique common fixed point
inX.
Now we prove the following theorem:-

MAIN RESULT

Let(x,d) be a complete metric space and S,T,P:X— X
satisfying the following condition

(@)
o {d (SPx,TPy)} wa{d(x,y),d(x,SPx),d (y,TPy),d (SPx,TPy)}
) p(de<[" w(t)dt
wo{d(x,y),d (x,SPx),d (y,TPy),d (SPx,TPy)}
-[ w ()t ©)

For all x,y € X where y,,\/, €/, and

o=y (X X, X...),X €[0,0).

(ii) One of three mapping S, T and P is continuous.

(iii) Where 1 : R* — R" is a lebesgue integral mapping
which is sum able non negative and such that

&
Iw(t)dt >0 for each & > 0. Further assume that SP=PS
0

or TP=PT, then S,T and P have common unique fixed point
in X.

Proof:- Let X, € X be an arbitrary point. We define a
sequence {Xn} as

Xony = SPX,,,Nn=0123,...... and

Xonio = TPX,,,,,N=0123,......
Let @, =0 (X, X111) oooveerverneneennnn @)

Putting X, = X,, and Y =X,,,, foralln=1,23,...............
We get from (3)

J«Jl{d(spo,TPxM vt < w(t)dt

J'Vl{d X X2n+1)d(XZHSPZH)vd(XZmlvTPXZn-l)vd(SPX2nvTPXZn+1)}
0

vt

J"//z{d (XZn ,sz),d (XZn vSPZn ),d (X2n+1 vTPXZnA)vd (SPXZn vTPXZM)}

0

1{d (X2n41,TPX20.2)}
j " w(t)dt <

0

J“//l{d (X201 X2n51),0d (X2, X2n42),d (X241, X2042),d (X2 i1, Xa a2 )}W(t)dt

0

J'V/Z{d (XZn vx2n+1)vd (X2n vX2n+1)vd (X2n+lvx2n+2)vd (X2n+1vX2n+2 )}

w(t)dt

From (4)
2n+1 1( 2n192n192n+1» 2n+1)
f”l p()dt< [ VT i

V2 (320,820 ,82041,82041)
) v (Dt ©)
Ifa,,,, > a,, then
2n+1 1( 2n+1'92n+1'92n+1 2n+l) 2n+1
f"l (t)dt<j’” e S Bt (t)dt<j“’l w(t)dt

(6)

a,,,N=0123,....
Similarly by putting X =X, ,and Y =X, ; in (3)

Which is contracdition. Hence @,,,; <
We can show that a,,,, < a,,,, ,n=0,1,23,.......
Thus a,,, <a,,n=0,1,23.......

So that {a,} is a decreasing sequence of non negative real

number and hence convergent to some a € R .

From (5) and (6) for all n=1,2,3,.......... obtain

j“"”“ (t)ydt < j”“a//(t)dt j w(t)dt
Then j;"z "y (t)dt < j "w(t)dt j ()t

Summing up we obtain

> [t < [y @dt <o
n=0

Which implies ¢, (@) — 0 which imply that N — o0
Again from (7) {a,} is convergentand &, — a as
N — o0 since @ is continuous, we obtain

@(a) = 0 ,Which implies that a=0, that is
a=d(x,,,X,)>0asn—ow

n+1?

We next prove that {X, } is a Cauchy sequence , in view of

(7) it is sufficient to prove that {X,, },_, < {X,} is Cauchy
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sequence. If {X,, },~; is not Cauchy sequence of natural

number {2mk},{2nk} such that nk >mk, d (Xka , Xan) >&

d (Xamir Xone1) <€ ©)

Then by (8)

& <A (Xome Xoni) < A (Xomicr Xonks) + A Koy Xore 1)
<&+ A (Xoner Xon-)

Making K — o0 in the above inequality by virtue of (7)
We obtain

M d (X, Xore) = € (10)
n—oo

For all k=1,2,3........

d (X2nk+l' X2mk) < d (X2nk+l’ X2nk) + d (Xan ' X2mk) (11)

Also for all k=1,2,3,........

d (X2nk ! X2mk) < d (X2nk ! X2nk+1) + d (X2nk+1’ X2mk) (12)
Making K — o0 in (9)and (10) repectively, by using (7) and
(8), we have

limd(X,,.1: %) <€ and € < limd (X, 10 Xop)

k—o0 kK—o0

M d Xy 0011 Xomy) = & forallk=1,23,......
K—o0

........... 13)
d (X2n(k)' X2m(k)—1) <d (X2n(k)’ X2m(k)) +d (X2m(k) ' X2m(k)—1)

d (XZn(k)' X2m(k)) <d (X:Zn(k)’ XZm(k)—l) +d (X2m(k)—l’ XZm(k))

Taking K — o0 in the above two inequalities and using (7)
and (8) we obtain

I!Im d (Xan ' X2m71) =&
—0

Putting X = X, and Y =X, , in(3), forall k=1,2,3,......

We obtain

@18 (Xank 1, X2mk )
jo w(t)dt <
J‘%d (X2nk +Xamk-1):d (X2 Xamk-1):0 (X2mic1: X2mi )18 (Xapieaa - X2 mic )
0

w(t)dt

J‘V/zd (X2nk Xamk-1):d (X2 Xamk-1):d (X2mi-1: X2mi )28 (X2 a1 X2mic )
0

w(t)dt

Making K — o0 in the above inequality and taking into
account the continuity of and by (7),(8),(9) . WE have,

J~rﬂ1(£)
0

n

¢,(¢) <y,(£,0,0,0)-y,(£,0,0,0) < ¢, (&)

v, (£,0,0,0 v, (£,0,0,0

"y(t)dt | "y (t)dt the

0

w(t)dt < j

0
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This is due the fact that |; is monotone increasing in its
variables and by property that ¥ (X, Y,Z) =0 if and
only if x=y=z=0

The above inequality give a contradiction so that £ =0.
This establishes sequence and hence convergence in (X,
d).

Let X, —> Zas N — o0

Putting X = X, and x=yin(3) for all n=1,2,3,.........
!//(t)dt < J‘V’ld(xzn:Z):d(XZn’X2n+1)rd(ZvTPZ)vd(szvTPZ)

J'(pld (X2n+1 ’TPZ)
0

y (t)dt

w(t)dt
Making N — o0 in the above inequality, by using (8) and
(12) and continuity of /. 1 and Wz , we obtain

J"/fzd (X20:2),d (Xa0 X201 ),d (2,TP2),d (X341, TPZ)
0

J~(p1d (z,TPz)

,(0,0,0,d(z,TPz)
w(t)dt < jo w(t)dt

2(0,0,0,d(z,TPz)
5 v (Dt

0
If d(z,TPz) # 0, then using property that Wl and

/4 o are monotone increasing and ¥, (X,Y,z)=0if and

only if x=y=z=0,we obtain

d(z,TPz d(z,TPz
[y e <[y et

Which is contradictions. Hence ,we obtain

d(z,TPz)=0,0r z = TPz in an exactly similarly way to prove
z=SPz

Thus SPz = z= TPz (14)

Also fallows that z is the common fixed point of SP and
TP.
Suppose S is continuous, then

2

S°Px,, =Sz, SX,, = Sz .If SP =PS.
Then putting X = SX,,, Y = X,,,; in (3),
J'(Pld (SZPXZn TPXan41)

w(t)dt <

0

w (t)dt

J‘%d (SXan X2n41):0 (%50, PXo )8 (X341, TPXo11),8 (S2PXop TPXp041)
0
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J"//zd (SXan Xan1):8 (X508 P ).d (X241, TPX20,0 .0 (S PXap TPXp1)
0

d(Sz,2) 1d(Sz,2),d(Sz,52),d(z,2),d (Sz,2)
J-Ogol 2,2 W(t)dt SJ-I// 2,2),d(Sz,52),d (2,2),d (Sz,2 l//(t)dt

0

w,d(Sz,z),d(Sz,Sz),d (z,z),d (Sz,z)
- jo 2 w(t)dt
v,d (Sz,2),0,0,d (Sz,2) v,d(Sz,z),0,0,d (Sz,z)
jol w(t)dt — jo ’ w(t)dt

- J-o(pld(Sz,z) (//(t)dt
It is a contradiction, if SZ # Z ,hence Sz = z.
Hence by (14) Tz=z = Sz.

Similarly if TP = PT, then also Pz=z =5z =Tz.
Hence this z is a common fixed point of S,T,P.
Thus the theorem is proved
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